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Abstract
A new numerical procedure for efficient dynamics simulations of linearelastic systems with unilateral contacts is proposed. The method is based
on the event-driven integration of a contact problem with a combination
of single- and set-valued force laws together with classical model-reduction
techniques. According to the contact state, the developed event-driven integration enables the formulation of reduced system matrices. Moreover,
to enable the transition among different reduced spaces the formulation of
the initial conditions is also presented. The method has been developed
separately for each of the four most popular model-reduction techniques
(Craig-Bampton, MacNeal, Rubin and Dual Craig-Bampton). The applicability of the newly presented method is demonstrated on a simple
clamped-beam structure with a unilateral contact, which is excited with
a harmonic force at the free end.
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Introduction

Numerical investigations of systems represent a common engineering technique
to reduce the costs of an end-product. The dynamic analysis of systems is usually conducted by applying a dense mesh and using the classical finite-element
method. As the refinement of the finite elements increases, a large computational effort is required to solve systems with a large number of Degrees of
Freedom (DoF). This is especially the case when a transient time response is
required, due to the usually high stiffness of mechanical systems, which implies
small time-steps during the integration. Another well-known problem is the
modelling of contacts between flexible bodies [1, 2, 3, 4, 5]. These contacts
introduce non-linearities and add a high stiffness in the contact region, which
further decreases the required time-step. This often leads to long computation
times that require enormous computational resources.
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The model-reduction techniques [6] are well known methods that address
the large number of DoF. They reduce the system matrices, but retain the
essential information for the analyses. They are mostly used for analysing small
deformations and vibration phenomena. In the case of the system response, they
also make possible significantly faster integration times, due to the reduced
number of Equations of Motion (EoM). The most common methods are the
Craig-Bampton method [7] (1968), MacNeal [8] (1971), Rubin [9] (1975), CraigChang [10] (1977) and the Dual Craig-Bampton method [11] (2004). A practical
case and a comparison of the methods can be found in [12]. In recent years,
in addition to the classical linear model-reduction techniques, the non-linear
model-reduction techniques have also attracted a lot of scientific attention [13].
They enable the modelling of non-linearities, such as large deformations, local
non-linearities, non-linear damping or coupling effects, for instance the analysis
of jointed structures [14].
The modelling of contacts between flexible bodies is usually formulated using the penalty method [5] or more advanced methods that introduce a nonpenetration condition [15, 16]. By using the penalty method, a large penalty
factor may lead to an ill-conditioned stiffness matrix and consequently to a poor
convergence. On the other hand, the method that imposes a non-penetration
condition originates from the contact formulation between rigid bodies [5, 17].
The first studies were made on rigid-body unilateral contacts in the form of the
linear complementarity problem (LCP) and were published by Lötstedt [18].
In the framework of non-smooth contact dynamics, Moreau [19] introduced a
numerical treatment of rigid bodies with unilateral contacts, Coulomb friction
and impacts. Without any significant change to the computational strategies
Jean [20] applied a method to treat the contacts between flexible bodies. In
comparison to time-stepping methods, the event-driven methods integrate the
dynamical system until the event occurs. In [21], Čepon and Boltežar proposed
a mixed-contact formulation between flexible bodies using event-driven integration together with the penalty method. The method models the impact with
the penalty method, while the continuous contact is modelled by a Lagrangemultipliers method. In the recent years newer methods have emerged, which
present a more advanced (non-linear) contact model. Willner [22] and Goerke
and Willner [23] present an iterative elastic half-space solution based on a variational principle. A simple modification also enables the approximative solution
of the elasto-plastic contact, which is modelled with a power-law relationship
between the pressure and the contact gap. Arz and Laville [24] presented an impact model that is based on a system of two equations: Newton’s second law and
the non-linear viscoelastic contact force law, originally presented in [25]. Pohrt
and Popov [26] observed a non-linear behaviour of the contact normal stiffness,
which is in a power-law dependence with the normal force. Furthermore, they
also observed power-like dependencies on the rms value of the roughness, the
elastic modulus and the nominal area of contact. The power-law dependence
was confirmed experimentally by Zhai et al [27]. Kostek [28] presented a nonlinear contact model describing the hysteresis of a dry contact for rough surfaces
loaded in the normal direction. The model also accounts for the plastic defor2

mation of the virgin contact as well as the insensibility of the contact hysteresis
to the frequency of the loading. Ahmadian and Mohammadali [29] consider
the hysteresis effects in both normal and shear contact directions. The model
is rate independent and represents coupling effects between normal and shear
displacements and is based on power-law dependence between the normal/shear
force and the displacement.
In this paper a new method is proposed that enables efficient dynamics simulations of linear-elastic systems with unilateral contacts. The method proposes
the integration of a contact formulation, as presented in [21] together with classical modal-reduction techniques. According to the contact state, the developed
event-driven integration scheme enables the formulation of reduced system matrices. The updating algorithm for the static and vibration modes is therefore in
direct correlation with the changing boundary DoF during the system response.
It is shown that the reduction basis for the continuous and the impact contact formulation can be obtained based on a flexible system without contacts.
Moreover, to enable the transition among different reduced spaces the formulation of the initial conditions is also presented. The method has been developed
separately for each of the four most popular model-reduction techniques (CraigBampton, MacNeal, Rubin and Dual Craig-Bampton). The applicability of the
newly presented method is demonstrated on a simple clamped-beam structure
with a unilateral contact, which is excited by a harmonic force at the free end.
The article is organised as follows. The second section presents the four classical model-reduction techniques. The third section presents the event-driven
integration of reduced models with unilateral contacts. The new definitions of
the system matrices, the initial conditions and the events are defined according
to the contact state. The fourth section presents a case study of a clamped
beam with a unilateral contact, together with the advantages of the proposed
method. In the last section a summary and the contributions are presented.

2

Model reduction techniques

Model-reduction techniques [30] are efficient methods to reduce the size of large
finite-element method (FEM) models. They retain the dense finite-element
mesh, but replace the physical degrees of freedom with a much smaller set of
generalised degrees of freedom. This is done by modal superposition and truncation. The methods can be divided into two main groups [31]: fixed- and
free-interface methods. The most known fixed-interface method is the CraigBampton method [7], and the free-interface methods are MacNeal [8], Rubin [9]
and Dual Craig-Bampton [11]. A good overall step-by-step description of the
methods can be found in [12]. The methods consist of a reduction basis containing static modes and a limited number of vibration modes. The static modes
can be further divided into the constraint, attachment and residual attachment
modes. The vibration modes are divided into the free-interface, rigid-body and
fixed interface modes. Hence, the fixed/free-interface methods are determined
by the selection of the vibration modes and the accompanying static modes.
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A detailed description of the above-mentioned modes is found in [12], [32] and
[31].
The model-reduction techniques are closely connected to the substructuring
field, where a substructure dynamical model is defined as:
M(s) ü(s) (t) + C(s) u̇(s) (t) + K(s) u(s) (t) = f(s) (t) + g(s) (t),

(1)

The matrices M(s) , C(s) and K(s) represent the mass, the damping and the
stiffness matrix of a substructure s, u(s) (t) is the displacement vector, f(s) (t) is
the external excitation vector and g(s) (t) is the vector of connection forces with
the surrounding substructures.
The next step is to divide the physical DoF u into the internal ui and the
boundary DoF ub . Moreover, the damping is assumed to be small and can
therefore be neglected during the reduction process. If necessary, the damping
matrix can be later introduced in the from of a simple damping model, such as
the Rayleigh, or proposing the modal damping. This gives Eq. (1) the following
shape:
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üb
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gb
where the index i denotes the internal DOF and b denotes the boundary DOF.
Note that the internal excitation forces gi are assumed to be 0, since there is
no contact with the neighbouring substructures.
The reduction process uses the division of the DoF (Eq. 2) in order to derive
the system matrices. A description of the fixed- and free-interface methods is
given below.

2.1

Fixed-interface methods

The fixed-interface methods are represented by approximating the internal displacements ui with fixed-interface modes Φi and the corresponding static modes
Ψ:
ui ≈ Ψc ub + Φi η i
(3)
Here, Ψc are the static constraint modes, which are used in the Craig-Bampton
method. Φi are a reduced set of fixed-interface vibration modes with the corresponding modal DOF η i . Hence, the reduction basis is the following:

 


ui
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≈
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ub
0
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ub
If Eq. (4) is inserted into Eq. (2) and the orthogonality between the vibration
modes with respect to the mass or stiffness matrix [32] is taken into account,
the following reduced equations of motion are obtained:
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where:
K̃bb
M̃bb
Mφb
Mbφ
f̃i
f̃b

= Kbb − Kbi K−1
ii Kib
−1
−1
= Mbb − Mbi Kii−1 Kib − Kbi K−1
ii Mib + Kbi Kii Mii Kii Kib =
T
= Mbb − Mbi Ψc − ΨT
c Mib + Ψc Mii Ψc
T
−1
= Φi (Mib − Mii Kii Kib )
= MT
φb
= ΦT
i fi
T
= fb − Kbi K−1
ii fi = Ψc fi

(6)
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Here, Ω2i represents a diagonal matrix of squared fixed-interface frequencies ωi,j
.

2.2

Free-interface methods

The free-interface methods’ reduction consists of reducing the displacement vector u by the free-interface modes Φf , the rigid-body modes Φr and the corresponding static modes Ψ. Here, the residual attachment modes Ψr are used,
which serve as a basis for the Rubin, MacNeal and Dual Craig-Bampton methods.
2.2.1

Rubin and MacNeal methods

Both the Rubin [9] and MacNeal methods [8] have the same reduction basis
containing free-interface modes Φf with the corresponding modal DOF η f , rigidbody modes Φr with the corresponding modal DOF η r and residual attachment
modes Ψr . They approximate the displacement vector as:
u ≈ Ψr gb + Φr η r + Φf η f

(7)

Inserting Eq. (7) into Eq. (1) and accounting for the orthogonality between the
vibration modes, the rigid-body modes and their combination [32], gives the
following form:
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(8)

(9)

A is a boolean matrix selecting the interface DOF and Gr is the residual flexibility matrix, which is obtained from the residual attachment modes [12, 31].
Both methods apply a second transformation in order to transform the interface
force DOF gb to the interface displacements ub . This involves pre-multiplying
Eq. (7) by the boolean matrix A:
ub = A u = A(Ψr gb + Φr η r + Φf η f ) = Gr,bb gb + Φr|b η r + Φf|b η f .
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(10)

Here the subscript |b indicates the dependence on the boundary DOFs, which
were selected by the boolean matrix A (e.g. Φr|b = A Φr ). The second transformation is defined by exposing the interface force gb from Eq. (10) and by
writing it into the DOF vector:
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Note that Kr,bb = G−1
r,bb . The Rubin method is defined by inserting Eq. (11)
into Eq. (8) and the Rubin reduced equations of motion are obtained:
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The Rubin reduction basis can therefore be defined as follows:
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The MacNeal method differs from the Rubin method in neglecting the residual
mass term Mr,bb in Eq. (8), with the same procedure afterwards.
2.2.2

Dual Craig-Bampton method

The Dual Craig-Bampton method (DCB) [11] is a newer method (2004) and
uses the same approximation basis as the Rubin and MacNeal methods in Eq.
(7). However, where the Rubin and MacNeal methods employ the second transformation, the DCB method keeps the interface forces as part of the generalized
DOF. Hence, the assembly procedure is later different compared to the other
three methods. The reduction basis is written as:
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The substructure equations of motion are written as:
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ü
u
f
0
K −AT
+
=
+
0 0
g̈b
gb
0
−ub
−A
0

(16)

The second row in Eq. (16) is added to enforce the compatibility during assembly. When Eq. (15) is inserted in Eq. (16) the following Dual Craig-Bampton
reduced equations of motion are obtained:


I 0
 0 I
0 0
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Contact formulation

In general, contacts can be modelled as single-valued or set-valued force laws.
The single-valued force law assumes a flexible contact region and is described
using smooth functions. Here, a unilateral contact is proposed, where the linear
contact force λU is defined as:


0,
uU ≥ 0
λU =
,
(18)
max(0, −(k uU + d u̇U )), uU < 0
where k is the penalty stiffness, d is the penalty damping, uU is the relative
displacement and u̇U is the relative velocity. Figure 1a presents the unilateral
force law for a zero relative velocity u̇U = 0. Note that the single-valued force
laws are sometimes also referred to as the penalty formulation, due to the use
of a spring and a damper, which introduces the contact force.

(a)

(b)

Figure 1: Linear force laws for unilateral contacts: a) Single-valued, b) Setvalued.
The unilateral set-valued force law is shown in Fig. 1b. Recent studies also
show the possibility to model a contact between flexible systems with set-valued
force laws [33]. Here, the combination of the single-valued and the set-valued
unilateral force law is proposed in order to describe the contact between reduced models obtained using the model-reduction techniques. The formulation
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enables an evaluation of the impact forces using the well-known penalty law
and a description of the continuous contacts using the augmented Lagrange approach. Three different contact states can be identified (Fig. 2): no-contact,
continuous and impact/penalty. Each contact state requires a derivation
of its own reduction basis; therefore, the mass and stiffness matrices are not
unique during the integration process.

(a)

Figure 2: Contact formulations:
pact/Penalty.

(b)

(c)

a) No-contact, b) Continuous, c) Im-

While the transition from a no-contact to an impact/penalty contact formulation is straightforward, the transition from impact/penalty to continuous
contact is required in order to avoid numerical problems. Usually, the penalty
laws are represented by stiff linear or non-linear springs, which often lead to illconditioned systems of differential equations. Hence, the procedure presented
in Fig. 3 is proposed in order to overcome these problems.
When the impact occurs a certain penetration is allowed, as shown in Fig. 3.
As the penalty law includes a dissipative component after a period of time, the
normal velocity is close to zero. Now, the contact can be classified as continuous
and the Augmented Lagrangian approach is applied in order to avoid an illconditioned system. The transition from the continuous to the no-contact state
occurs when the adhesive force is detected between the contacting bodies.
The presented contact formulation requires a derivation of the reduced spaces
for each individual contact state, as well as the derivation of the new initial
conditions to enable a transition among them. The contact formulation for the
four most popular model-reduction techniques is presented in more detail.

3.1

System response of a reduced model with contacts

The computation of the system response of a reduced model consists of an
event-driven integration, which switches among three contact states (see Fig.
3): no-contact, continuous and impact/penalty models. The three models can
all be derived from the no-contact model. The continuous model is defined
by setting the constrained DoF to zero. Hence, the corresponding rows and
columns in the mass, stiffness and damping matrices are zero. Similarly, the
penalty model uses the no-contact model by adding a penalty weight to the
corresponding coordinate in the stiffness and damping matrices (Kbb in Eq.
(2)). Note, Rayleigh damping is used to obtain the damping matrices.
Apart from models, the events also need to be redefined for the reduced
model (see Fig. 3). The constraint forces for the continuous contact state are
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Figure 3: Events within penalty method
obtained from the no-contact model (Eq. (2)):
gb = Mbi üi + Mbb üb + Kbi ui + Kbb ub − fb

(19)

Since the boundary displacements and accelerations are zero, Eq. 19 is simplified
to:
gb = Mbi üi + Kbi ui − fb
(20)
When using model-reduction techniques, the constraint force Eq. (20) as well as
the penalty/impact system matrices must be formulated for the model-reduction
techniques in the following way:
a) Craig-Bampton method
The penalty-method stiffness matrix is modified only in the K̃bb part (see
Eqs. (5) and (6)). The remaining reduced matrices are unchanged.
The constraint force for the reduced case is deduced from Eqs. (5) and
(20):
gb = Mbφ η̈ i + Mbb üb + Kbb ub − f̃b
(21)
and since the boundary displacements and accelerations are zero, the equation further reduces to:
gb = Mbφ η̈ i − f̃b

(22)

b) MacNeal, Rubin and Dual Craig-Bampton methods
The penalty stiffness matrix and force vector are modified in all the terms,
since Kbb is in all of the matrix parts (see Eq. (12)). The re-computation
9

of Kr,bb and Mr and their dot products with free-interface, rigid-body
and residual-attachment modes is required. Using the Rubin method, the
mass matrix also needs to be recomputed. With the Dual Craig-Bampton
method this procedure is simpler, since only Kr,bb and Mr,bb need to be
recomputed in the mass and stiffness matrices (see Eq. (17)).
The constraint force for all three methods is defined with Eq. (11). The
equation can be simplified due to the zero boundary displacements and
accelerations:
gb = −Kr,bb Φr|b η r − Kr,bb Φf|b η f

(23)

The constraint force in Eq. (22) and Eq. (23) is used to compute the constraint
force of the continuous model. Note that the constraint force in the penalty
model is computed with the use of a single-valued unilateral constraint (Eq.
(18)). An important aspect presented in the calculation of a system response
for a reduced model is the calculation of newly defined initial conditions, in
order to enable a smooth transition among the reduced spaces.

3.2

Derivation of new initial conditions for a reduced system

The computation of the new initial conditions between two modal spaces is
done through the physical coordinates. Therefore, the modal coordinates need
to be first transformed to physical coordinates and afterwards to the new modal
space. Since the boundary DoFs are usually preserved in the physical space,
only the internal DoFs need to be transformed:
ui, old = ui, new

(24)

In our case the old (old ) and new (new ) coordinates are represented by the
no-contact, continuous and penalty models. The derivation for different
model-reduction methods differs due to different reduced spaces. A detailed
description is given below.
3.2.1

Craig-Bampton method

The Craig-Bampton modal space is given by its reduction matrix in Eq. (4).
The comparison of the new and old internal displacement DoFs then results in:
Φi, new η i, new + Ψc, new ub, new = Φi, old η i, old + Ψc, old ub, old

(25)

The new (no-contact) modal space is therefore defined as:
η i, new = Φ+
i, new (Φi, old η i, old + Ψc, old ub − Ψc, free ub ),

(26)

where + represents the generalised (pseudo) inverse. The above equation can be
further simplified due to the properties of the fixed-interface modes Φi , which
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are the same for all three models (no-contact, continuous and penalty):
Φ+
i, new Φi, old = I

(27)

η i, new = η i, old + Φ+
i, new (Ψc, old − Ψc, new ) ub

(28)

Eq. (26) can be written as:

and if the boundary displacements ub are zero, the transformation is straightforward:
η i, new = η i, old
(29)
The above transformation is valid for all three possible cases (no-contact and
continuous, penalty and no-contact as well as the penalty and continuous models) due to the definition of the constraint modes:
Ψc = −Kbi K−1
ii

(30)

It is clear that the computation is independent of the Kbb part, which is modified
by the penalty method. Hence, the difference Ψc, old − Ψc, new in Eq. (28) is 0
and therefore Eq. (28) is simplified to Eq. (29).
3.2.2

MacNeal and Rubin methods

The Rubin-method reduction matrix is given in Eq. (14). Comparing the new
and old models’ physical DoF (Eq. (24)) results in:
(Φrf|i, old − Ψr|i, old Kr,bb, old Φrf|b, old ) η rf, old + (Ψr|i, old Kr,bb, old ) ub =
(Φrf|i, new − Ψr|i, new Kr,bb, new Φrf|b, new ) η rf, new + (Ψr|i, new Kr,bb, new ) ub
(31)
Note that we joined the rigid-body and free-interface modes into a joint vector
η rf = [η r η rf ]T . Eq. (31) leads to the new coordinates (initial conditions) in the
new modal space:
η rf, new = (Φrf|i, new − Ψr|i, new Kr,bb, new Φrf|b, new )−1 (
(Φrf|i, old − Ψr|i, old Kr,bb, old Φrf|b, old ) η rf, old +
(Ψr|i, old Kr,bb, old − Ψr|i, new Kr,bb, new ) ub )

(32)

The above equation can be simplified for the no-contact and continuous models,
since the free-interface modes are the same (Φrf|i, free = Φrf|i, fixed ).
3.2.3

Dual Craig-Bampton method

The Dual Craig-Bampton reduction matrix is given in Eq. (15). A comparison
of all the physical DoF (uold = unew ) results in:
Φrf, old η rf, old + Ψr, old gb = Φrf, new η rf, new + Ψr, new gb

(33)

and leads to the new modal space coordinates:
η rf, new = Φ−1
rf, new (Φrf, old η rf, old + (Ψr, old − Ψr, new ) gb )
11

(34)

The above equation can be further simplified for the no-contact and continuous
models, since the free-interface modes are the same (Φrf|i, free = Φrf|i, fixed ):
η rf, free = η rf, fixed + Φ−1
rf, free (Ψr, fixed − Ψr, free ) gb

3.3

(35)

Final remarks

The derivations of all the methods demonstrate that the Craig-Bampton method
is the most straightforward. However, since the static and vibration modes
are time-invariant and are only a function of the model, the initial condition
coefficient matrices are determined only once during the preprocessing. Hence,
the computation time is usually negligible in comparison to the integration time.
Note, that in the case of multiple contact locations, the number of boundary
DoF increases accordingly, as well as the complexity of the event structure and
therefore the number of continuous and penalty models.
Note that the derived models are based on the classical linear model-reduction
techniques and on a linear (penalty) contact model. In recent studies, for instance [29], newer non-linear contact models are proposed, which are capable
of simulating more complex contact behaviours, such as different loading and
unloading paths. The use of such models would require the use of non-linear
model-reduction techniques [14], which certainly present challenging issues for
further research in this field.

4

Case study

Ever-increasing operating speeds and the enforcement of lightweight designs
often lead to excessive vibration and noise with modern machines. The vibration
may result in different contact situations and changing boundary conditions
during operation. Therefore, the natural frequencies of the system are not
constant and can cause the extended resonance behaviour due to the closely
spaced peaks of the fixed (in-contact) and free (no-contact) structure. This
behaviour can be observed on various types of rotating machinery, e. g. , the
instability of a washing machine during its spin cycle. In order to demonstrate
the applicability of the developed method, a simple case study is presented. A
clamped steel beam with a unilateral constraint is excited by a harmonic force
at the free end. The system parameters are given in Table 1. The beam is
discretized with 101 nodes using three DoF (x, y and ϕ) and has a unilateral
constraint in the y-direction (see Fig. 4). Two different contact situations will
be analysed. Firstly, the unilateral constraint will be considered at node 4 (Case
1) and secondly at node 13 (Case 2), as shown in Fig. 4.
Before the simulation, the modal reduction was applied using the CraigBampton method, as presented in Section 2. The reduction involves taking the
first 10 fixed-interface modes and neglecting the higher modes. This reduces the
model from 300 DOF to 12 DOF, consisting of 10 inner DOF and 2 boundary
DOF: one for the constraint (4y/13y) and one for the excitation force (101y).
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Table 1: Material properties.
Name

Symbol

Length
Width
Height
Young’s modulus
Density
Poisson’s ratio
Penalty stiffness
Penalty damping

Value

l
w
h
E
ρ
µ

500 mm
10 mm
5 mm
2.1 MPa
7850 kg/m3
0.33
5e9 N/m
5e5 Ns/m

kpenalty
dpenalty

Figure 4: Numerical model of a clamped beam with a unilateral constraint.
The first ten natural frequencies for the case of the free (no-contact) and the
fixed beam (continuous contact) are shown in Table 2. It is clear that the first
Table 2: First ten natural frequencies of the fixed and free beam.
Nat. freq. [Hz]
Free
Fixed (4y)
Fixed (13y)

1

2

3

4

5

6

7

8

9

10

33.45
35.21
41.06

209.24
220.57
258.92

584.06
616.45
726.9

1139.39
1203.93
1424.26

1872.69
1980.75
2347.65

2589.42
2697.32
2976.36

2778.07
2940.96
3487.45

3848.83
4077.58
4829.83

5077.51
5382.72
6350.88

6456.10
6847.81
7976.11

natural frequency of the free beam (33.45 Hz) is fairly close to the fixed case
(35.21 Hz and 41.06 Hz).
The integration procedure (see Table 3) involves an event-driven integration,
as proposed in section 3.
In total, the integration consists of three contact states (no-contact, continuous and penalty) and seven events. The event structure is shown in Fig. 5.
Event 1 occurs when the constraint force (Eq. 22) in the continuous model is
negative and the switch to the no-contact model occurs. Afterwards, Event 2
occurs when the no-contact model again reaches the constraint (displacement
x = 0) and a transition to the penalty model occurs. Events 3, 4, 5, 6 and 7
serve for the purposes of the penalty model (shown in Fig. 3). Event 3 occurs
after Event 2 if the amplitude of the relative velocity is within a user-defined
tolerance ε. This prevents the numerical drift of velocities during integration.
After Event 2 the transition to the Event 5 is also possible if the constraint
13

Table 3: Event-driven integration parameters.
Name
Integration time
Angular velocity
Excitation force
Integrator
Maximum time step
Absolute tolerance
Relative tolerance
Event tolerance

Symbol
t
ω(t)
F (t)
∆tmax

ε

Value
0 - 50 s
5 t rad/s
100 sin(ω(t) t) N
Dopri [34, 35]
1e-3 s
1e-12 s
1e-12
1e-12

Figure 5: Identified events for a clamped beam structure.
force is negative. Hence, a switch to the no-contact model occurs. After Event
3 occurs either Event 4, Event 5 or Event 6 can occur. Event 4 occurs if the
user-defined tolerance ε is exceeded and afterwards either Event 3 or 5 can occur. Event 6 occurs when the constraint acceleration is zero. This provides a
confirmation that the velocity peak (local minima/maxima) is within the tolerance ε. Afterwards, a switch to the continuous model occurs and the constraint
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velocities are set to zero.
The integration results in 520391 time points with the corresponding system
response (12 DoF in reduced space) and takes approximately 2.5 h on a PC (2
Processors Intel Xeon CPU E5-2687W, 256 GB RAM). The results are expanded
back to the physical space (300 DoF) with the help of the Craig-Bampton reduction matrix (see Eq. 4) and the displacements for Case 1 (point 101y) can be
seen in Fig. 6a. Similar behaviour can be observed for Case 2 in Fig. 6b. The

(a)

(b)

Figure 6: Time response at the free end (position 101y) of a clamped beam
exposed to an excitation force: a) Case 1, b) Case 2.
peak at 35 Hz in Fig. 6a corresponds to the first natural frequencies of the continuous (35.21 Hz) and no-contact (33.45 Hz) states. Since the peaks are near
to each another the resonance phase lasts slightly longer. A similar behaviour
can be observed for Case 2 (Fig. 6b), where the two natural frequencies at 33.21
Hz and 41.06 Hz extend the resonance behaviour. A better representation of
the mentioned phenomena can be observed in a spectrogram (see Fig. 7). In
Fig. 7b the influence of the changing contact condition is very clearly seen in
increased amplitudes during the excitation-frequency region between 33 Hz and
42 Hz.
In order to show the efficiency of the mixed contact model, a simulation with
a pure penalty contact formulation was performed. In both cases the reduced
basis was the same and only the contact formulation was different for both cases.
By using the well-established pure penalty contact formulation, the computation
time to simulate 50 s of system response takes approximately four times longer.
Finally, it can be concluded that the proposed numerical method offers an
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(a)

(b)

Figure 7: Spectrum at the free end (position 101y) of a clamped beam: a) Case
1, b) Case 2.
efficient and accurate procedure for the dynamics simulations of flexible bodies
with unilateral contacts.

5

Conclusions

A new and efficient numerical procedure for modelling the dynamic response
of linear-elastic systems with unilateral contacts is presented. Model-reduction
techniques are applied in order to reduce the physical DoF, and with this the
number of differential equations. Additionally, the contact formulation is based
on a combination of single- and set-valued force laws with three main contact
states: no-contact, continuous and impact/penalty. This formulation enables
faster integration times than the pure-penalty method, since the added penalty
weight is only used for impact contacts. The combination of model-reduction
techniques and the mixed contact formulation is used within a proposed eventdriven integration scheme. In order to efficiently combine both methods, an
algorithm was developed to update the reduction basis and the initial conditions
according to the contact state.
The applicability of the method is shown on a clamped beam with a unilateral contact and a harmonic force at the free end. The method can effectively
detect extended resonance regions that occur due to the changing contact conditions. Moreover, the method offers the possibility to effectively model the
dynamics response of flexible systems with unilateral contacts.
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